ABSTRACT. We show that the Steiner minimal tree for a set of points on a circle is the shortest path connecting them if at most one distance between two consecutive points is "large". We prove this by making an interesting use of the Steiner ratio p which has been well studied in the literature.
Introduction.
Let A denote a given set of n points in the Euclidean plane. A Steiner minimal tree for A is the shortest network (clearly, it has to be a tree) interconnecting A. Junctions of the network which are not in A are called Steiner points. A tree connecting A without using any Steiner points is called a spanning tree and a shortest spanning tree is called a minimal spanning tree. Let Ls(A) and Lm(A) denote the lengths of a Steiner minimal tree and a minimal spanning tree for A, respectively. Define the Steiner ratio p -inîa Ls(A)/Lm(A). Gilbert and Pollak [4] conjectured that p = \/3/2 and it has recently been proved [2] that P> -8.
While efficient algorithms [6, 7] exist for constructing minimal spanning trees, the problem of constructing Steiner minimal trees for general set of points is known [3] to be iVP-complete. However, efficient algorithms may exist for point-sets with special structures. In this paper we study the case that A is a set of points on a circle with at most one "large" distance between two consecutive points. We prove that a minimal spanning tree for A (the tree turns out to be a path) is also a Steiner minimal tree for A by making an interesting use of the Steiner ratio.
Some preliminary results.
A path BiB2 ■ ■ ■ Bn will be called a Steiner path if it is convex and all subtending angles are 120°. Let d(x,y) denote the distance between two points x and y. The following two lemmas can be easily verified by elementary geometry. We state them without proofs. LEMMA 1. Suppose that BiB2-■ ■ Bn, n < 1, ta a Steiner path such that d(Bi,Bi+i) <a for i= l,...,n-1. Thend(Bi,Bn) < 2a.
LEMMA 2. Let W be any point in the triangle AXYZ. Then
LEMMA 3. A necessary and sufficient condition for the path BiB2 ■ ■ ■ Bn to be a minimal spanning tree is that d(Bi, Bk) > d(Bj, Bj+i) for all 1 <i < j < k <n.
PROOF. The proof follows immediately from a well-known [1] condition for a tree to be a minimal spanning tree. It is also easily seen if all inequalities are strict FIGURE 1. A regular hexagon containing the union of a triangle and a circle (except for the degenerate case i -j = k -I), then the path is "the" minimal spanning tree. LEMMA 4. Suppose that BiB2 ■ ■ ■ Bn, n > 3, is a Steiner path and BiB2,..., BnBi form a convex polygon. Then n < 7 and < Bi+ < Bn -60n -120.
PROOF.
n-l < Bi+ <Bn = {n-2)180 -]T < Bt¡ = (n -2)180 -(n -2)120 = 60n -120. Now n < 7 follows from the assumption of convex polygon.
The following lemma will be critically needed in proving the main results. We may assume without loss of generality that A lies on the boundary of H' and at least one of B and C lies on the boundary of H. By symmetry we may further assume that A lies on g'h'5. Let g be the midpoint of h2h$ and g" the midpoint of hih2. It is easy to see that the distances from g' to hi, i -1,...6, and the distances from h'h to g, hz,h±,hc,,h §,hi and g" are all at most z. Thus by Lemma 2, the distance from g' to any point in H and the distance from h'5 to any point in the heptahedron F = g'^hsh^h^hehig"
is at most z. Applying Lemma 2 once more, we see that the distance from A to any point in F is at most z. Thus the only points B and C which can violate the lemma must fall in the triangle gh2g". The diameter of this triangle, however, is at most d(g,g") < a, and so the lemma is proven. THEOREM. // the polygon Pn = AiA2 ■ ■ ■ An has at most one side longer than m, then the Steiner minimal tree for A is the sides of Pn excluding the longest one.
PROOF. By Lemma 3 the minimal spanning tree for A is the sides of Pn excluding the longest one. We now prove that a Steiner minimal tree for A cannot have a Steiner point.
Suppose to the contrary that T is a Steiner minimal tree for A and T contains a Steiner point. It is well known [4] that the edges of a Steiner minimal tree can be uniquely decomposed at points of A into nonempty components in which every A¿ is of degree 1 and is connected to a Steiner point if there is one in the component. 4. Some concluding remarks.
Graham [5] conjectured that if A is a set of points on a circle such that the largest angle formed by two consecutive points at the center is at most 7r/3, then no Steiner minimal tree for A contains a Steiner point. The updated version of the conjecture is that at most one such angle can be larger than 7i/3. If the conjecture is stated using side rather than angle, then the condition becomes that at most one side can be longer than the radius. In a private communication Graham informed us that he can use the "probe" idea given in [3] to prove this conjecture if the degree 7r/3 is replaced by 20°, which corresponds to a side of length .35 assuming radius one. Thus the result of this paper can be used to improve on the length .35 significantly. On the other hand, we note that m is at most .70832... even if one can prove the conjecture of Gilbert and Pollak that p = \/3/2. Therefore, the approach in this paper is not strong enough to prove the conjecture of Graham. ACKNOWLEDGEMENT. The authors wish to thank a referee for very helpful comments.
